AN UNSOLVABLE HYPOELLIPTIC DIFFERENTIAL
OPERATOR

BY
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ABSTRACT

Ttis proved that the differential operator Dy +ix; D3 is hypoelliptic everywhere,
but is not locally solvable in any open set which intersects the line x; = 0.
Thus, this operator is not contained in the usual classes of hypoelliptic dif-
ferential operators. The proofs involve certain properties of the characteristic
Cauchy problem for the backward heat operator.

1. Introduction

A differential operator A(x, D) with C® coefficients is called hypoelliptic if the
equation A(x,D)u = f with f € C* has only C* solutions. All the well known
classes of hypoelliptic differential operators [2, 3, 4, 7] contain, together with
every operator, also its formal adjoint. Since hypoellipticity implies certain a priori
estimates (see e.g. [4]) and since a priori estimates for the formal adjoint of a
differential operator imply local existence for the operator, it follows that the
well known hypoelliptic operators are locally solvable. In this note we shall
exhibit a hypoelliptic second order differential operator in two variables for which
there exists a line such that the operator is not solvable at any point on this line.
In particular, this operator is not contained in any of the classes considered in
[2, 3, 4, 7] (in an open set which intersects the line) and its adjoint is not hypo-
elliptic there.

The differential operator is

1 A =D, + ix,D3

where, as usual, (x;,x,) denotes a point in the plane and D; = —i(9/dx;),
j = 1,2, is the standard differentiation operator.
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The nature of A becomes more transparent if the coordinates x2/2 = 1, x, = x
are used. Then

2 A= —i\/z“{(a—at+%)

Note that on each of the half planes {x, > 0} and {x; <0}, 4 is equal to a C*
function times the backward heat operator (on each half plane separately). Thus,
A is certainly hypoelliptic in the complement of the line x; = 0. In Section 2 we
shall prove that A4 is hypoelliptic everywhere, and in Section 3 we shall prove that
A is not solvable at any point on the line x; = 0. We recall that a differential
operator P is called solvable at a point w if there is an open neighborhood V of w
such that for every function f € CJ(V) the equation Pu = f possesses a solution
u in 2'(V).

We remark that both the hypoellipticity and the unsolvability of 4 on x, = 0
are connected with the fact that the characteristic Cauchy problem is not well-
posed for the backward heat operator. Thus, the behavior of a solution of Au = f
on the line x; = 0 is determined by the values of u elsewhere (note that x; =0
corresponds to a time ““later’’ than the time to which x, # 0 corresponds, whether
X, is positive or negative, since ¢t = x,2/2), which contributes to the smoothness
of u near this line. The unsolvability of A near the line is also closely related to
properties of the backward Cauchy problem, as will be elucidated in Section 3.

Note that our operator is a suitable modification of the operator Dy + ix,D,,
consider in [6]. Note also that the commutator AA*—A*4 = — 2iD3is of even
order and its symbol does not change its sign, in contradistinction to the com-
mutators of the operators considered in [2] and in [6].

2. Proof of the hypoellipticity of A4:
Let u be a solution of the equation

A3) Au=f

where u e 2'(Q), f € C*(Q) and Q is an open subset of the plane.As was shown
briefly in the introduction, it is well known that u € C*(Q N {(x,x;): x; # 0}).
Hence, we have only to show that u is infinitely differentiable also in the neigh-
borhood of the line x; = 0. We may assume, therefore, that Q is an open disk
whose center lies on the line x, = 0, and since A4 is invariant under translations in
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the direction of the x, variable we may also assume that the center of Q is at
the origin. It suffices to prove that u is infinitely differentiable in a neighbor-
hood V of the origin, where cl(V) (the closure of V) is contained in Q. Let
¢ € C5(Q) be identically equal to 1 in a neighborhood V; of cl(¥). Then

Adu = ¢Au + (D, ¢ + ix; Did)u + 2ix(D,$)(D,u)
@
= g+ (Ad)u + 2ix,(D,¢) (D,u)
(where we set ¢f = g). Let us first introduce new coordinates — (x%/2) = t,
x, = x for the open half plane {(x;, x,): x; > 0}. Then

o 9 —ig i
® (5 )t - (A + 2AD4) Dz0)

J=2t -2

The function ¢u(./ — 2¢,x) vanishes identically on the line ¢ = — K if K is
sufficiently large and is bounded in the set {(z,x): — 0 <x <0, —K St < —¢}

for every & > 0. Hence, we may use the usual fundamental solution of the heat
equation (5) and conclude that

© (¢u)(\/f§,x) - \/H—:i);e—’zl4'*(£—gf)¢u
/[

S P NN ia W PR
- f W= f ¢ ~6 (57— 581 | (V =2y
—©  fAn(t — 1)

(here H(t) denotes the Heaviside function) for negative values of ¢. Using (5),
we see, more explicitly, that

1 —y)? —21,
D) (pu) f =2t,x)=— i f"”m fexp [_ Szt _yT)) ]g(«/_;v) dyde

+f - JT:_ = [exe] - g;t—_yg;] {—i[(AmJu]__(ZJ_T “35y)

+ 2(D2¢)(D,u)}dydr.

t

Changing back into the original coordinates (x,, x,) (where x; > 0) we find that

(®) (pu)(x1,x3) = v(X1,X3) + W(xy,X5)
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where

©) o) = 1 — f exp[ ‘("Z"’Z)Z]g<y1,y2)dyzdy1

SN 207 —*)
and
® 1 — (%, — y2)?
(10)  wix,x,) = ———|&XP |5 |-
fxt \/27t(y12 — xlz) f [2()’1 xl) ]

A= i[(Ad)u](ys, ) + 2y1[(D,0) (D) 1(¥1,y2)}dy,dy,.

Denoting the partial Fourier transform of v with respect to the x, variable by
v"(x1, &), we may rewrite (9) as

0 (12 2yr2
(1 8 = =i [ exp| TS g ay,

Since g = ¢ f has a compact support, the integration in (11) is actually performed
on a finite interval (of length at most equal to \/715 Moreover, for every positive
number N there exists a constant Cy such that | g (xy, f)l = | DN (x1,6) |
< Gy + |§|)~N since ¢ f € C5°(Q). Hence

12 IDA(xl’é)l éfw lgA(Jﬁ,f)[dh = \/Z_K—sz(l-*- lf‘)_N

It follows that v(x,,x,) is infinitely differentiable with respect to x,, and each of
the derivatives D%p is uniformly bounded as x, — 0, . Noting that (11) (or (9))
imply that

(13) D = g —ix, D%

we see that the function D,v along with each of its derivatives with respect to x,
are bounded as x; — 0,. Differentiating (13) with respect to x; we find that
Div = D,g — ix,;D3v ~ D2vis uniformly bounded as x, — 0, , and that the same
holds for each of its derivatives with respect to x,. Iteration of this procedure
leads us to the conclusion that each of the derivatives of v is uniformly bounded
as x; — 0, (and therefore v has in fact an infinitely differentiable extension to the
closed half plane {(x,, x,) : x; = 0}.

Turning now our attention to w(x,, x,), we note first that dist(supp grad ¢, ¥)>0,
since ¢ = 1 on the set ¥; which contains cl(¥) in its interior. Moreover, the
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functions A¢ and D,¢ have a compact support, and the fundamental solution
E(x,t) defined by the equations

1 -
e x2/t

E(x,1) = J4nt
0 t<0and x #0

t>0

is infinitely differentiable except at the point x = ¢ = 0. Hence, the functions
¥(y1,y,) defined by the equations

' yi=xi
DG (v =30 P75 20

lp(yb Vas xl’xZ) = 0

are in fact test functions in Cg(Q) (of the variables y;,y,) and depend in an
infinitely differentiable manner (as vector valued functions with values in Cg(€)
of yi,¥,) on x; and x,, where (x;,x,)eV and x; = 0. Since u is a distribution
(u e 2'(Q)) and thus is continuous on C7 (Q) it follows that the scalar function

o0 o0 _ _ 2
f f _1___exp [T(S%xh)z];)‘][(A¢)(Y1,J’2)'u(J’nJ’z)]d.Vzdh
TG - X)) T

.2 x%

) AP)(-)

= u(E(XZ — "

is infinitely differentiable with respect to x,; and to x, in the intersection of ¥ with
the closed half plane {(x,,x,): x; = 0}. Since D,uis also a distribution in Z'(Q)
we may treat the second term in (10) in a similar way and conclude that w(x, x,)
is infinitely differentiable in the closed half space {(x,x,): x; = 0}. Using (8)
we thus see that the function u(x,,x,) and every derivative of it are uniformly
bounded (in V) as x; » 0, . (Compare also with Corollary 3a in [1] and the
remarks following it.)

In a similar fashion, let us define v(x,,x,) and w(xy,x,) for x; <0 by the
equations

x1 - - 2
O olxy,x)) =i f_wm)feXP [—7(;}2_—5%2))—] g(y1,y2)dy.dy,
1%
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and

(10" W(xy, %) = f_; m J exp [%yxz::‘%;)—)z—]

: {i[(Ad’)”](Yu ¥2) = 2y1[(D20)(D2t) (¥4, y2)}dy,dy,

It follows once again that ¢u = v + wfor x; < Oand that the function u(x;,x,)
as well as each of its derivatives are bounded as x, - 0O_.

Summing up, see that we have proved, up to now, that the function u(x, x,)
possesses C* boundary values as x, tends to zero from either the right or the left.
In order to finish the proof that u e C*(V) we have to show that the boundary
values of u and its derivatives actually match up and that u has no ‘‘singular
part’”” with support on the line x; = 0. That is, we have to demonstrate that
lim, o [(D*u)(xy,x,) — (D*u)( — x1,%,)] = 0 for all multi-indices o, and that
the distribution v € 2'(Q), defined by

(14) v(¢) = u(¢p) — lim [f_: + J;w]f :O u(xy, %2)P(xq, %5)dx,dx,

&0

for ¢ € C5'(Q), is the zero distribution. The functional v(¢) is well defined because
of the existence of boundary values for u(x,,x,) as x; » 0, and x; -»0_, and
obviously supp v < {(x4,X,): x; = 0}. According to [8, pp. 100-101], we may
write

(15) v= X Evfx,)D{

iz0

when v;(x,) are one dimensional distributions defined on functions of x,, E is the
natural inclusion (extension) map E: 2'(R' N ¥V)— 2'(R*> N V) (E is the adjoint
of the restriction map R: Cy(R2NV)—- CF(R' NV) where R' = {(x;,x,):
x; = 0}), and the sum is locally finite. Then

16) Av = ZEv(x,)D/*'+ X ix,E(D3v;)(x,)Di.
J J

For all ¢ e C§(V) and w e @'(V),

(ix;wD{)(¢) = w[D{(ix;$)] = jw(D{™'$) + w(ix,Di¢) for j 2 1.
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Setting w = E(D3v ;) (X2), and noting that

E(D3v,)(x,) (ix; D) = (D3v;)(x,) [ix,D]9| x, =0] = (D3v,)(x2)(0) = O,

we conclude that

an Av = 2 Ev(x,)D{ "1 + 5 iE(D7v;) (x2)D{ ™
J Jjz

(we also use the fact that ix;E(D;v,)D? = 0). Moreover, setting lim,, _, [u(x1, %)
—u( — X1,%,)] = v_y(x,), we find that the contribution to Au of this ‘‘jump”’ is
equal to iEv_(x,)D? = iEv_,(x,). Since Au = f and f is a continuous function
at x; = 0, it follows from (17) that the v; with the highest index j has to vanish,
and therefore all the v; with j = 0 have to vanish, (so that v = 0). Hence, the
term iEv_,(x,) cannot be compensated by Av, and therefore lim,, ¢ [u(xy,x,)
—u( — x4,%,)] = 0, and it follows from the invariance of A to translations in
the x, variable that all the derivatives of the form Diu are in fact continuous
at x, = 0. Differentiating the equation Au = f and iterating’ the argument, we
prove that for all positive integers k and I, limxl_,o[Dl"Dzlu(xl,xz) — (D*Dw)
(— xy,x,)] = 0. Since we have shown that the distribution v (which is defined

in (14)) vanishes identically, we conclude that u is a C® function in afull neigh-
borhood of the line x; =

Let us note that the function

[. xfnz]
exp | inx, — =5

u(xy,x,) = ’E:l ns
is a classical solution of the equation A*u = 0, but u is not infinitely differentiable
on the line x; = 0. Hence, 4* = D, — ix, D is not hypoelliptic on that line.

(Of course, the fact that A* is not hypoelliptic follows also abstractly from the
unsolvability of A4).

3. Proof that A4 is not locally solvable on the line x, = 0.

The fact that the differential operator 4 = D, + ix, D3 is not locally solvable
on the line x, = 0 is intimately related (as is easily seen by considering Afu(xy,x,)
— u( — x4,%,)]) to a certain property of Cauchy problem for the backward heat
operator; namely, to the fact that there exist C ® functions (in the closed half
plane {(#,x):1 = 0}) f such that there exists no solution u of the equation
du/ot + 8%ulox? = f with u(x,0) = 0. This latter fact is probably well known,
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but we know of no reference to it. Therefore, we will give here a proof of the
unsolvability of 4. This proof is based on an averaging technique used by
Hormander [5] in his treatment of the characteristic Cauchy problem. For our
(rather special) choice of an operator A4, the argument is greatly simplified.

It suffices to prove that the origin is not a solvable point for A. According to a
well known theorem of Hérmander (lemma 6.1.2 of [2], compare also [6]) the
origin is not a solvable point for A if for every open set Q containing the origin
there exist functions f;, v,, depending on a real parameter A and belonging to
C¢(Q) such that

(18) fim l f £ dx’ =
A=
19 for every k, imsup X sup|(D“ ) < 0
A= la]£k x
(20) for every N, limsup X sup|(D”A*v,l) ()] < .

iso  JB|SN x

It is natural to use the solutions

2
v(x1, %55 &) = exp [ifxz —52);1 ]
of the homogeneous equation A*y = 0. We cannot apply them in a straight-
forward manner, however, since they are not at all small as x, —» co. We remedy
this by averaging v(x,, x, ; £) with respect to a certain (suitably chosen) density.
We choose the density function to be equal to 1/\/57—11 exp[— (£ — 4)?/24] and
obtain the function

@1 Uy, %y 5 4) =

exp [— 22x% — Ax2 + 2iAx, ]
B 2
\//lle i 2(,1)61 +1)

(It is easy to verify by a direct computation that u(x,, x, ; 4) is indeed a solution
of the equation A*u = 0). Let now Q be an arbitrary (but fixed) open set con-
taining the origin, and let § >0 be a fixed number such that {x = (x,x,):
“ X “ < 0} « Q. We may assume, of course, that 26 < 1. Note that

A*xi 4 Ax; > 16%

(22) 20x2+1) = 27
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if either |x1| = dand A = 2 or else, if |x2[ = J. From now on, let C,,C, and
so forth denote constants which depend on various parameters but which will be
independent of A and 4. It is clear that for every multi-index o

. 2 2_ 2 .
@3) %) (xr %2 ) = Ry(erxady sz1+1)exp[ ATxi — s + 2idxy ]

2(Ax% + 1)

where R, is a rational function of its arguments, which is regular if ./ Ax32+1#0.
Hence, it follows from (22) that there exist constants C,(a), C,(a) such that

24 ](D“u)(xl,xz ; ,1)] < C1(OC)2.CZ(‘” exp [_:;ESZ_]

for [x|| £ 1, |x,| 2 dand A 2 20r |x,| = 6.
Let ¢cCO(R?) be a fixed non-negative function such that ¢(x) =1
for | x|| < 1, ¢(x) = 0 for || x| = 2. Then it follows from (24) that

z X . ~l2] =2 3 Cat@) — 8%
(25) | D*4* | ¢ = Jute; ) |£ Ca(w)s A exp|—
Choose now a function F(x) e CJ(Q) such that

[— 2 7
6) [ [ Pz [ 2522 axides = a 2 0
Such a function F clearly exists. Then

@7)  lim A F(lx)qb(%)u(x;i)dx

A=

yz
y 1 - yi- —f + 2iy,
ey RN — dysdys
A= 2

2 Y

2 .
—y2+2
60 [ [ Fouyen |22 ayidy, = a %0

(We recall that ¢(0) = 1). Note that for fixed k, the function f,(x) = A ~*"'F(Ax)
satisfies the inequality

(28) [ Ek sup|(D*f)(x)] £ Cs(k)A ~*
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Defining now v,(x) = A*"3u(x ; )¢(x/5), we infer from (25) that (20) is satisfied
for fixed N, since the exponential decrease kills all the constants, the powers of J
(which are fixed) and the powers of A. The relations (18) and (19) follow from the
relations (27) and (28), respectively.

Note that A* is explicitly solvable; a solution of the equation A*u = f might
be represented by its partial Fourier transform,

X1

WM(xy, &) = i f e IR £y, Edy,
(o]

This formula makes sense at least for all fe Cg(R?). (Of course, an abstract
proof of the solvability of A* could be based on the fact that A is hypoelliptic).
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